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Lesson 5. Quantum Algorithms: Phase estimation

1. Opening and phase estimation problem

Phase estimation problem is to efficiently determine the phase corresponding to
the eigenvalue of the quantum state. In this class, we will first look at a simple
example of phase estimation problem, then learn quantum Fourier transtorm, and
then return to the phase estimation procedure.
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Phase estimation problem

— Phase estimation problem

Input: A unitary quantum circuit for an n-qubit operation U
and an n. qubit quantum state [1{)

Promise:  |\) is an eigenvector of U

Output: An approximation to the number 0 € [0, 1) satisfying

Ulp) = %))




Phase estimation problem

— Phase estimation problem

Input: A unitary quantum circuit for an n-qubit operation U
and an n. qubit quantum state |1)

Promise:  |1{) is an eigenvector of U

Output:

An approximation to the number 0 € [0, 1) satisfying

ulp) = ™)

We can approximate O by a fraction

0~ Y

T gm

fory €{0,1,...,2™ - 1}.

This approximation is taken “modulo 1.”



Phase estimation problem

— Phase estimation problem

Input: A unitary quantum circuit for an n-qubit operation U
and an n. qubit quantum state |1»)

Promise:  |{) is an eigenvector of U

Output:

An approximation to the number © € [0, 1) satisfying

Up) = e |p)

The Phase estimation problem is applied to the energy calculations for
guantum many-body systems and Shor's algorithm.

e.g. Shor’s algorithm : Acceleration from quasi-exponential to polynomial time.
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2. Phase kickback and iterating the unitary operation

To understand phase estimation, you must first learn the phase kickback circuit
using a controlled-U gate. This circuit provides low-precision solutions to the

phase-estimation problem. Operation of the controlled-U gate twice gives us more
Information about the phase.
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Warm-up: using the phase kickback

Given a circuit for UL, we can create a circuit for a controlled-U operation:

Let’s consider this circuit:

T
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Warm-up: using the phase kickback
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Warm-up: using the phase Kickback
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Warm-up: using the phase kickback
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Measuring the top qubit yields the outcomes 0 and 1 with these probabilities:
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[terating the unitary operation

How can we learn more about ©? One possibility is to apply the controlled-U operation
twice (or multiple times):

[b)

Performing the controlled-11 operation twice has the effect of squaring the eigenvalue:
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3. Two-qubit phase estimation

By extending the circuit to two control qubits circuit and adding the inverse of
quantum Fourier transform circuit, you can create a two-qubit phase estimation
circuit. You will learn the concept of phase estimation from this procedure.

15
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Two control qubits

Let’s use two control qubits to perform the controlled-Ul operations — and then we’ll see
how best to proceed.
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Two control qubits

Let’s use two control qubits to perform the controlled-U operations — and then we’ll see
how best to proceed.
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Two control qubits

N =

3

27ix0
Y e x)
x=0

What can we learn about 0 from this state? Suppose we’re promised that © = % fory € {0,1,2,3}.
Can we figure out which one it is?

Define a two-qubit state for each possibility:

3
1 2i X4
9u)=5 ) ™ )
x=

[bo) = 510 + 5 [1) + 5 12) + 513)
b1) = 510) + 511) - 5[2) — =3)
b2) = 310) = 2[1) + 312) - 23)
[ba) = 210) = 2[1) - 52) + 513)

These vectors are [Jgiaateel— so they can be discriminated perfectly by a projective measurement.



Two control qubits

3
1 27 XY
ou)=5 ) ™I
xX=

1 1 1 1
|dbo) = §|0)+ §|1)+ §|2)+ §|3)

1 i 1 i 1 1 1 1
|¢1)=§|0)+§|1 —§|2)—§|3) V—l 1 i -1 -i
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The unitary matrix V whose [Jlagare |do), |d1), |d2), |d3) has this action:
V0|y)=|d,) (foreveryy €{0,1,2,3})

We can identify y by performing the inverse of V then a standard basis measurement.

Vldy) = ly) Goreveryy € {0,1,2,3})



Two-qubit phase estimation

1
QFTy =

N
e e e
[
—
—
[
'—l

This matrix is associated with the [e[Se= AL EE e 5ol (for 4 dimensions).
When we think about this matrix as a unitary operation, we call it the [s[ilelgd {0y WoIg 1@ (e 1s15 (o151

The complete circuit for learning y € {0,1,2,3} when 0 = y/4:
o) I

[b)
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4. Quantum Fourier transtorm

The phase estimation problem is solved using the quantum Fourier transtorm. QFT

transtform between the computational basis and the Fourier basis. Here, you will
learn the detall procedure of QFT.

21
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Quantum Fourier transform

The quantum Fourier transform transform between the computational basis and the Fourier basis.

; ; ; QFT . ; ;
|State in Computational Basis)y —— |State in Fourier Basis)

QFT|z) = |Z)




Quantum Fourier transform

The quantum Fourier transform is defined for each positive integer N as follows.

g N=IN
Tl
QFTN = — ) ) eV |x)(y|
N =0 y=0
N-1
1 P XY
QFTNIY) = = ) N |x)
N =

— Example




Quantum Fourier transform

The quantum Fourier transform is defined for each positive integer N as follows.

1 Xy
QFTN = —— Y ™ N [x)y|
N x=0 y=0
1 =1 2 XY
QFTNIY) = —= ) e N |x)
N x=0

— Example




Quantum Fourier transform

The quantum Fourier transform is defined for each positive integer N as follows.
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Quantum Fourier transform
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Quantum Fourier transform
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Quantum Fourier transform
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Quantum Fourier transform
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Quantum Fourler transform
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Quantum Fourier transform
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Quantum Fourier transform

The implementation is recursive in nature.
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Quantum Fourier transform

At last, Swap operations are executed.
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5. Phase estimation procedure

Generalizing to the n-qubit case, you will learn the quantum phase estimation
procedure in detail. You will also learn the relationship between the phase accuracy
required by quantum phase estimation and the number of qubits.

35
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Phase estimation procedure
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Phase estimation procedure
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Phase estimation procedure

— Best approximations — Worse approximations
Suppose y /2™ is the Suppose there is a [TRa e ey to
to O: 0 between y /2™ and 0:
Y —(m+1) Y -
o- 3%, < o- ], 2™
Then the probability to measure y will Then the probability to measure y will be
relatively high: relatively low:
4 1
py2¥20.405 ‘pySZ

To obtain an approximation y/ 2™ that is [ @I to satisfy

_Y -m
|9 om 1<2

we can run the phase estimation procedure using m control qubits BENgelktuag and take y to be the
[EE of the outcomes.

(The eigenvector | ) is unchanged by the procedure and can be reused as many times as needed.)



Summary

* The Phase estimation problem can find the approximation to the
number @ € [0,1) satisfying

« QFT transform between the computational basis and the Fourier basis.
 QFT can be implemented in the quantum circuit.

* The Phase estimation problem is solved using the QFT.
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Reference

* John Watrous, https://learning.quantum.ibm.com/course/fundamentals-of-
quantum-algorithms/phase-estimation-and-factoring .



https://learning.quantum.ibm.com/course/fundamentals-of-quantum-algorithms/phase-estimation-and-factoring
https://learning.quantum.ibm.com/course/fundamentals-of-quantum-algorithms/phase-estimation-and-factoring

Thank you

© 2024 International Business Machines
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