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Outline and Introduction of this Lecture. You will learn the role of this lecture 

in this course.
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Course Schedule 2024

Date Lecture Title Lecturer Date Lecture Title Lecturer

4/5 Invitation to the Utility era Tamiya 
Onodera

6/7 Classical simulation (Clifford circuit, tensor 
network)

Yoshiaki 
Kawase

4/19 Quantum Gates, Circuits, and 
Measurements

Kifumi Numata 6/14 Quantum Hardware Masao 
Tokunari

4/26 LOCC (Quantum 
teleportation/superdense coding)

Kifumi Numata 6/21 Quantum Circuit Optimization (transpiler) Toshinari
Itoko

5/10 Quantum Algorithms: Grover’s 
algorithm

Atsushi Matsuo 6/28 Pauli twirling and Noise model (Pauli Transfer 
Matrix) Error mitigation (PEC, ZNE (PEA))

Toshinari
Itoko

5/15
(Wed)

Quantum Algorithms: Phase 
estimation

Kento Ueda 7/5 Quantum Utility I (127Qubit GHZ) Kifumi 
Numata

5/24 Quantum Algorithms:
Variational Quantum Algorithms 
(VQA)

Takashi 
Imamichi

7/12 Quantum Utility II (Utility paper 
implementation )

Tamiya 
Onodera

5/30
(Thu)

Quantum simulation (Ising model, 
Heisenberg, XY model), Time 
evolution (Suzuki Trotter, QDrift)

Yukio 
Kawashima

7/19 Quantum Utility III (Krylov subspace 
expansion)

Yukio 
Kawashima



Outline

• Overview of hybrid quantum-classical approach

• Introduction of optimization
• How to convert an optimizatioon problem into a Hamiltonian

• Variational quantum eigensolver (VQE)

• Quantum approximate optimization algorithm (QAOA)

• Hands-on
• VQE

• QAOA for Maxcut
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2. Overview of hybrid quantum-classical approach

6

Currently available quantum computing devices are called Noisy Intermediate-

Scale Quantum device (NISQ) devices, which include noise. To make effective use 

of such devices, hybrid quantum-classical methods have been developed. Here, you 

can learn about NISQ devices and quantum-classical hybrid methods.
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Noisy quantum devices

• Various limitations of the current noisy 

quantum devices
• Gate / Readout errors

• Limited connectivity of qubits

• Additional two-qubit gates are necessary to 

apply two-qubit gates to two distant qubits

• Hard to run deep quantum circuits and obtain 

accurate results due to noise
• What if you execute k gates whose error rate is p?

• Fidelity of the result will be F = (1-p)k

• E.g., p = 0.01, k=100 → F = 0.366

7IBM Quantum / © 2024 IBM Corporation
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Hybrid Classical and Quantum Algorithm Workflow

• [CPU] Prepare a set of shallow parametrized quantum circuits

• [QPU] Execute the quantum circuits

• [CPU] Aggregate the results of the executions and obtain the energy function value

• [CPU] Adjust parameters of the energy function

8

Source: Peruzzo et al., “A Variational 

Eigenvalue Solver on a Photonic 

Quantum Processor.” Nature Comm. 5 

(2): 1–10, 2014.
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3. Quantum Computer and  Optimization Problems

9

Efforts to solve optimization problems using quantum computers, including 

quantum-classical hybrid methods, are advancing. You can learn about the 

overview of such initiatives.

© 2024 International Business Machines Corporation



Quantum Computer and Optimization

• You may have heard news that some optimization problems are solved by 
quantum computer more efficiently than classical computer

• Traveling salesman problem (TSP)

• Maximum cut problem (Maxcut)

• Some news also explain that superposition can deal with combinatorial 
optimization problem efficiently because it can compute f(x) of all possible x 
simultaneously

• Is it true?

• It is true that you can computer superposition of f(x) of all possible x.

• But you cannot get the minimum/maximum easily…
• Just applying measurement to f(x) results in f(x) of a random x

• No guarantee of optimality

• You may know some quantum algorithms such as Grover search and notice that you need 
some techniques to obtain relevant solutions.

10IBM Quantum / © 2024 IBM Corporation



Traveling Salesman Problem 1/2

• Definition: Given a set of n cities, you are asked 

to find the shortest route that visits each city 

and returns to the start.
• TSP is known to be NP-hard

• Naïve approach: Check all permutations of the cities. 

O(n!) time

• Claim: If you have several tens of cities, it takes 

millions of years to solve it with conventional 

computers. Is it true?

• E.g., 50! ≒ 3 x 1064

• History
• An instance with 49 cities was solved in 1954(!)

• An instance with 85900 cities was solved in 2006

• Reference
• http://www.math.uwaterloo.ca/tsp/index.html

11

Milestones in the solutions of TSP instances

Source: https://physics.aps.org/articles/v10/s32
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Traveling Salesman Problem 2/2

• Concorde is the state-of-the-art TSP solver

• I solved a random instance with 50 cities exactly within 0.1 second
• Macbook Pro (13-inch, Early 2015, Core i5 2.7GHz)

• 50 cities 0.06 sec 100 cities 0.10 sec 200 cities 0.59 sec

• How about quantum computers?

• Reference: http://www.math.uwaterloo.ca/tsp/concorde/index.html

12IBM Quantum / © 2024 IBM Corporation
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4. Introduction of Optimization

13

Optimization problems involve maximizing or minimizing an objective function 

under constraints. Quantum computers can offer advantages for solving certain 

types of these problems using quantum-based heuristics. Here, you will learn about 

optimization problems and the benefits of quantum computing.

© 2024 International Business Machines Corporation



Brief Introduction of Optimization

• Optimization problem consists of three components
• Decision variables

• Discrete: binary / integer

• Continuous

• Objective function: to be minimized or maximized

• Constraints: None / Equality / Inequality

• Task: You are asked to find the best solution among all candidates
• A candidate that satisfied the constraints is called a feasible solution

• Various types of optimization problems
• Linear programming (LP)

• Mixed integer linear programming (MILP)

• Quadratic programming (QP)

• Quadratic unconstrained binary optimization (QUBO)

• Semidefinite programming (SDP)

• etc.
14

Minimize 𝑓 𝑥
Subject to 𝑔𝑖 𝑥 = 𝑏𝑖

 ℎ𝑖 𝑥 ≤ 𝑐𝑖

 𝑥 = 𝑥1, … , 𝑥𝑛

 𝑙𝑖 ≤ 𝑥𝑖 ≤ 𝑢𝑖

𝑥𝑖:  binary / integer / continuous
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Algorithms to Optimization Problems

• What does “solve” mean?

• Exact algorithm
• Guarantee of the optimality of the solution

• E.g., Exhaustive search, Dynamic programming, Branch-and-bound  

• Approximation algorithm
• Solution is not always optimal, but there is a guarantee of distance from the optimal solution

• E.g., Christofides algorithm (1.5 approximation algorithm to TSP, the solution is 1.5 times 

longer than the optimal solution at most)

• Heuristics
• No theoretical guarantee of the quality of solutions, but works well practically

• E.g., Greedy search, Local search

• Meta-heuristics

• Higher level of design of heuristics

• Often inspired from nature

• E.g., Genetic algorithm, Simulated annealing, Ant colony optimization 
15IBM Quantum / © 2024 IBM Corporation



Can Quantum Computers Solve Optimization Problems Efficiently?

• “Efficiently” usually means that a problem is solvable 

exactly in polynomial time
• We assume decision problems, which is a yes-no type problem

• E.g., whether the objective function value ≤ a threshold or not

• Classes of decision problems
• P: solvable by conventional computers (in polynomial time)

• BQP: solvable by quantum computers

• NP complete: very hard to solve with conventional computers 

• Does BQP include NP complete?
• Likely to be No

• Some problems are in BQP \ P
• integer factorization (Shor’s algorithm)

• Quantum computers can be still useful to solve 

optimization problem by studying quantum-based 

heuristics

16

Source: https://en.wikipedia.org/wiki/BQP
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5. How to Convert Optimization Problem 

to Hamiltonian?

17

A quadratic programming problem can be converted into a Quadratic 

Unconstrained Binary Optimization (QUBO) form, which can then be transformed 

into a Hamiltonian. Here, you will learn how this transformation is performed.
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Convert Optimization Problem to Hamiltonian

• Input: Quadratic programming problem
• Only binary and integer variables (no continuous variables)

• 𝑥 = 𝑥1, … , 𝑥𝑛
• Integer variables have lower bounds and upper bounds

• Objective function: minimize 𝑓 𝑥 = 𝑥𝑇𝐴𝑥 + 𝐵𝑥

• Maximization problem can be converted into a minimization problem: minimize − 𝑓 𝑥

• Output: Hamiltonian 𝐻 = Σ𝑖𝑤𝑖𝑃𝑖
• Map 𝜓(𝑥) = 𝑥′ from variable values 𝑥 to a bitstring 𝑥′

• The objective function value is equal to the expectation value: 𝑓 𝑥 = ⟨𝜓(𝑥)|𝐻|𝜓(𝑥)⟩

18

Minimize 𝑥𝑇𝐴𝑥 + 𝐵𝑥
Subject to 𝑐𝑖

𝑇𝑥 ≤ 𝑑𝑖
𝑥 = 𝑥1, … , 𝑥𝑛
𝑙𝑖 ≤ 𝑥𝑖 ≤ 𝑢𝑖
𝑥𝑖: binary / integer

Quadratic programming problem

IBM Quantum / © 2024 IBM Corporation

Minimize 𝑥′𝑇𝐴′𝑥′ + 𝐵′𝑥′

+ 𝜆Σ𝑖 𝑐′𝑖
𝑇𝑥′ + 𝑠𝑖 − 𝑑′𝑖

2

Subject to 𝑥′ = 𝑥′1, … , 𝑥′𝑚
𝑥′𝑖: binary

Quadratic unconstrained binary 

optimization (QUBO)

𝐻 = Σ𝑖𝑤𝑖𝑃𝑖
𝑃𝑖: Pauli string (e.g., 𝑍𝐼 = 𝑍 ⊗ 𝐼)
= tensor product of Pauli matrices

Hamiltonian



Quadratic Program to QUBO

• Convert inequality constraints into equality constraints
• 𝑥 ≤ 𝑏 → 𝑥 + 𝑠 = 𝑏, 0 ≤ 𝑠 ≤ 𝑢 slack variable 𝑠

• Convert equality constraints into penalties and add them to the objective function
• 𝑥 = 𝑏 → 𝜆 𝑥 − 𝑏 2, 𝜆: positive constant

• Encode integer variables with binary variables
• 𝑥 = 𝑙 + σ𝑖=0 2

𝑖 ∙ 𝑦𝑖 + 𝑘 ∙ 𝑦 , 𝑦𝑖 , 𝑦: binary variables

19IBM Quantum / © 2024 IBM Corporation

Minimize 𝑥𝑇𝐴𝑥 + 𝐵𝑥
Subject to 𝑐𝑖

𝑇𝑥 ≤ 𝑑𝑖
𝑥 = 𝑥1, … , 𝑥𝑛
𝑙𝑖 ≤ 𝑥𝑖 ≤ 𝑢𝑖
𝑥𝑖: binary / integer

Quadratic programming problem

Minimize 𝑥′𝑇𝐴′𝑥′ + 𝐵′𝑥′

+ 𝜆Σ𝑖 𝑐′𝑖
𝑇𝑥′ + 𝑠𝑖 − 𝑑′𝑖

2

Subject to 𝑥′ = 𝑥′1, … , 𝑥′𝑚
𝑥′𝑖: binary

Quadratic unconstrained binary 

optimization (QUBO)

𝐻 = Σ𝑖𝑤𝑖𝑃𝑖
𝑃𝑖: Pauli string (e.g., 𝑍𝐼 = 𝑍 ⊗ 𝐼)
= tensor product of Pauli matrices

Hamiltonian



QUBO to Hamiltonian

• Replace binary variables 𝑥′ with integer variables 𝑧
• 𝑥′𝑖 → (1 − 𝑧𝑖)/2 where 𝑧𝑖 ∈ {−1, 1}

• 𝑥′𝑖 = 0 𝑧𝑖 = 1, 𝑥′𝑖 = 1 𝑧𝑖 = −1

• ⟨0|𝑍|0⟩ = 1,⟨1|𝑍|1⟩ = −1

• Replace integer variables z with Pauli Z
• 𝑧𝑖 → 𝑍𝑖 (= 𝐼 ⊗ 𝐼 ⊗⋯𝑍⋯⊗ 𝐼 ⊗ 𝐼)

• Constant value → 𝐼⊗𝑛

• |𝜓(𝑥)⟩ = 𝑥′𝑛 ⊗⋯ 𝑥′𝑖 ⋯⊗ 𝑥′1
• 𝑥′𝑖 = 0 0 , 𝑥′𝑖 = 1 1 on i-th qubit

20IBM Quantum / © 2024 IBM Corporation

Minimize 𝑥𝑇𝐴𝑥 + 𝐵𝑥
Subject to 𝑐𝑖

𝑇𝑥 ≤ 𝑑𝑖
𝑥 = 𝑥1, … , 𝑥𝑛
𝑙𝑖 ≤ 𝑥𝑖 ≤ 𝑢𝑖
𝑥𝑖: binary / integer

Quadratic programming problem

Minimize 𝑥′𝑇𝐴′𝑥′ + 𝐵′𝑥′

+ 𝜆Σ𝑖 𝑐′𝑖
𝑇𝑥′ + 𝑠𝑖 − 𝑑′𝑖

2

Subject to 𝑥′ = 𝑥′1, … , 𝑥′𝑚
𝑥′𝑖: binary

Quadratic unconstrained binary 

optimization (QUBO)

𝐻 = Σ𝑖𝑤𝑖𝑃𝑖
𝑃𝑖: Pauli string (e.g., 𝑍𝐼 = 𝑍 ⊗ 𝐼)
= tensor product of Pauli matrices

Hamiltonian

i 2         1
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6. Example: Max-cut Problem 

21

Here, the Max-Cut Problem is specifically addressed, and you will learn how the 

problem is transformed into the form of a Hamiltonian.

© 2024 International Business Machines Corporation



Example: Maxcut Problem 1/2

• Given a graph G = (V, E) and weights wij of edges (i, j)
• wij > 0 and wij=wji

• Separate nodes into two groups such that you maximize

the sum of weights between the groups

• Formulation

• Conversion

22

Maximize σ(𝑖,𝑗)∈𝐸 𝑤𝑖𝑗𝑥𝑖(1 − 𝑥𝑗 + 𝑤𝑖𝑗(1 − 𝑥𝑖)𝑥𝑗]

Subject to 𝑥𝑖 ∈ 0, 1 , 𝑖 ∈ 𝑉

Minimize σ(𝑖,𝑗)∈𝐸[−
𝑤𝑖𝑗

4
(1 − 𝑧𝑖)(1 + 𝑧𝑗) −

𝑤𝑖𝑗

4
(1 + 𝑧𝑖)(1 − 𝑧𝑗)] = σ(𝑖,𝑗)∈𝐸[−

𝑤𝑖𝑗

2
(1 − 𝑧𝑖𝑧𝑗)]

Subject to 𝑧𝑖 ∈ −1, 1 , 𝑖 ∈ 𝑉

𝐻 = σ 𝑖,𝑗 ∈𝐸

𝑤𝑖𝑗

2
𝑍𝑖𝑍𝑗 − σ 𝑖,𝑗 ∈𝐸

𝑤𝑖𝑗

2
𝐼⊗𝑛

where 𝑍𝑖 = 𝐼⊗𝑛−𝑖−1 ⊗𝑍⊗ 𝐼⊗𝑖−1, 𝑖 ∈ 𝑉 (i-th position is 𝑍, otherwise 𝐼)

Source: https://en.wikipedia.org/wiki/Maximum_cut

1

2

3

4

5Take a sum of the cases

(𝑥𝑖 , 𝑥𝑗) = 0,1 , (1,0)

Note: multiply -1 to change maximization into minimization

IBM Quantum / © 2024 IBM Corporation

Note: replace 𝑧𝑖 with 𝑍𝑖

https://en.wikipedia.org/wiki/Maximum_cut


Example: Maxcut Problem 2/2

• Formulation
• Node i corresponds to binary variable xi

• Edge weight = 1 for all 6 edges

• [(1,2), (1,3), (2,3), (2,4), (3,5), (4,5)]

• Convert the original problem into a minimization 

problem

• Hamiltonian

IBM Quantum / © 2024 IBM Corporation 23

Maximize 𝑐𝑢𝑡 𝑥 = σ(𝑖,𝑗)∈𝐸 𝑥𝑖(1 − 𝑥𝑗 + (1 − 𝑥𝑖)𝑥𝑗]

Subject to 𝑥𝑖 ∈ 0, 1 , 𝑖 ∈ [1, … , 5]

1

2

3

4

5

Minimize 𝑓 𝑥 = −𝑐𝑢𝑡 𝑥 = 2(𝑥1𝑥2 + 𝑥1𝑥3 + 𝑥2𝑥3 + 𝑥2𝑥4 + 𝑥3𝑥5 + 𝑥4𝑥5)
−2𝑥1 − 3𝑥2 − 3𝑥3 − 2𝑥4 − 2𝑥5
Subject to 𝑥𝑖 ∈ 0, 1 , 𝑖 ∈ [1, … , 5]

𝑓 0, 1, 0, 0, 1 = −3𝑥2 − 2𝑥5 = −5

Black: 0, White: 1

𝑥 = 𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑥5 = (0, 1, 0, 0, 1)

Cut = 5

𝐻 =
1

2
𝑍1𝑍2 + 𝑍1𝑍3 + 𝑍2𝑍3 + 𝑍2𝑍4 + 𝑍3𝑍5 + 𝑍4𝑍5 − 3𝐼⊗5

Minimum eigenvalue = -5

⟨10010|𝐻|10010⟩ =− 5 = 𝑓(𝑥)
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7. Introduction of VQE

24

Optimization problems transformed into a Hamiltonian can be solved using a 

quantum-classical hybrid method called VQE (Variational Quantum Eigensolver). 

Here, you will learn the overview of VQE and the variational principle on which it is 

based.

© 2024 International Business Machines Corporation



Variational Quantum Eigensolver

1. Quantum state preparation (use parametric 

ansatz to describe the wavefunction)

2. Classical Optimization (variational principle)

IBM Quantum / © 2024 IBM Corporation 25



Hamiltonian and Variational Principle

• Basic strategy: represent a problem with a matrix (Hamiltonian) and find the 

minimum eigenvalue and eigenvector
• Minimum eigenvector (eigenvalue) is often called ground state (energy)

• Hermitian matrix

• Self-adjoint matrix, i.e., 𝐻† = 𝐻

• Eigenvalues are real

• Suppose |𝜓𝑖⟩ and 𝜆𝑖 are an eigenvector (eigenvalue) of 𝐻, it holds ⟨𝜓𝑖|𝐻|𝜓𝑖⟩=𝜆𝑖⟨𝜓𝑖|𝜓𝑖⟩=𝜆𝑖
• ⟨𝜓𝑖|𝐻

†|𝜓𝑖⟩ (= ⟨𝐻𝜓𝑖|𝜓𝑖⟩ = 𝜆𝑖
*⟨𝜓𝑖|𝜓𝑖⟩ = 𝜆𝑖

*) = ⟨𝜓𝑖|𝐻|𝜓𝑖⟩ = 𝜆𝑖 → 𝜆𝑖 = 𝜆𝑖
*

• 𝐻 can be expressed using eigenvalues and eigenvectors as follows

• 𝐻=∑𝑖=1
𝑁𝜆𝑖|𝜓𝑖⟩⟨𝜓𝑖|

• Variational principle
• Let ⟨𝐻⟩𝜙≡⟨𝜙|𝐻|𝜙⟩ denote the expectation value of 𝐻 on a quantum state |𝜙⟩

• ⟨𝐻⟩𝜙=⟨𝜙|𝐻|𝜙⟩=∑𝑖=1
𝑁𝜆𝑖|⟨𝜓𝑖|𝜙⟩|

2

• |⟨𝜓𝑖|𝜙⟩|2 ≥ 0 → ⟨𝐻⟩𝜙 ≥ 𝜆min, 𝐻 𝜓min
= 𝜆min (|𝜓min⟩ is the ground state)

• We can get an approximate ground state by trying various quantum states

• Pick up the quantum state with the smallest expectation value
26IBM Quantum / © 2024 IBM Corporation
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8. How VQE works to solve an optimization 

problem?

27

In VQE, the execution of a quantum circuit called an "ansatz" on a quantum 

computer and the calculation of expectation values and parameter optimization on 

a classical computer are repeated. Here, you will learn how VQE is executed in 

detail.

© 2024 International Business Machines Corporation



Variational Quantum Eigensolver

• Task: Given a Hamiltonian 𝐻, guess a quantum state |𝜓⟩ that minimizes the 

expectation value ⟨𝐻⟩𝜓
• Variational forms

• Parametrized quantum circuit (PQC) representing

a unitary transformation 𝑈(𝜃)

• Ansatz: guessed quantum state
• |𝜓(𝜃)⟩ ≡ 𝑈(𝜃)|𝜌⟩ 

• |𝜌⟩: reference state, e.g., |0⟩⊗n and |+⟩⊗n

• Variational quantum eigensolver (VQE)
• Quantum part

• Execute the quantum circuits (ansatz) and get probabilities or counts of bitstrings

• Classical part

• Calculate the expectation value ⟨𝐻⟩𝜓(𝜃) by aggregating the probabilities

• Adjust (optimize) 𝜃 of the variational form

• Return argmin𝜓(𝜃) ⟨𝐻⟩𝜓(𝜃) as an approximate ground state

28IBM Quantum / © 2024 IBM Corporation

Example of variational form 

(RealAmplitudes of Qiskit)

https://docs.quantum.ibm.com/api/qiskit/qiskit.circuit.library.RealAmplitudes


Compute Expectation Values from Probabilities

• Hamiltonian is usually expressed as a sum of Pauli strings
• n-qubit Pauli string is a tensor product of n Pauli matrices (including 𝐼) 

• E.g., 𝐻 = 2 ×  𝐼 ⊗ 𝑋 ⊗ 𝑌 + 3 ×  𝑋 ⊗ 𝑍 ⊗ 𝑍 (2 Pauli strings with 3 qubits)

• We usually use only 𝑍 and 𝐼 for optimization problems

• Recall that Pauli matrices and 𝐼 are Hermitian (and unitary too)

• 𝑋 =
0 1
1 0

, 𝑌 =
0 −𝑖
𝑖 0

, 𝑍 =
1 0
0 −1

, 𝐼 =
1 0
0 1

• Example:  𝐻 = 𝐼 or 𝑍 and |𝜓⟩ = 𝑎|0⟩ + 𝑏|1⟩
• If we execute the following circuit, we will get probabilities 

of bitstrings {‘0’: 𝑎 2, ‘1’: 𝑏 2}

• We need to convert counts to probabilities

• ⟨𝐼⟩𝜓 = ⟨𝜓|𝜓⟩ = 𝑎 2 + 𝑏 2= 1

• ⟨𝑍⟩𝜓= ⟨𝜓|𝑍|𝜓⟩ = ⟨𝜓|(𝑎 0 − 𝑏|1⟩) = 𝑎 2 − 𝑏 2

• What if ⟨𝑍 ⊗ 𝑍⟩ ?

• Hint: there are 4 bitstrings, i.e., ‘00’, ‘01’, ‘10’, and ‘11’

• What if ⟨𝑋⟩ ?

• Hint: you need a trick to diagonalize a matrix
29
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Optimize Parameters

• You need to solve an optimization problem
• min𝜃 𝑔 𝜃 , where 𝑔 𝜃 = 𝐻 𝜓 𝜃  
• Concern: Is it as difficult as the original optimization problem?

• If you optimize 𝑔 𝜃  directly, it is a black-box optimization
• It is hard to solve a large-scale problem
• Nelder-Mead method, Powell method, COBYLA

• By taking advantage of gradients ∇𝑔 𝜃 , you can deal with a larger-scale problem
• Two types of gradients: Numerical gradient, Analytical gradient
• Gradient-based algorithm: Simultaneous Perturbation Stochastic Approximation optimizer (SPSA), 

quasi-Newton method, trust region method
• Mari, et al. 2021. “Estimating the gradient and higher-order derivatives on quantum hardware,” Physical Review A, 103(1), 012405.

• By taking advantage of some properties of 𝑔 𝜃  (unitary), you can directly find out local 
minima w.r.t. specific variables

• “NFT”: Nakanishi, et al. 2020. “Sequential Minimal Optimization for Quantum-Classical Hybrid Algorithms,” Physical Review Research, 2(4), 
043158.

• “Fraxis”: Watanabe, et al. 2023. “Optimizing Parameterized Quantum Circuits With Free-Axis Single-Qubit Gates,” IEEE Transactions on 
Quantum Engineering, 4, 1–16.

• “Rotoselect”: Ostaszewski, et al. 2021. “Structure optimization for parameterized quantum circuits”, Quantum 5, p. 391.
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The University of Tokyo
Special Lectures in Information Science Ⅱ
Introduction to Near-Term Quantum Computing

Lesson 6. Quantum Algorithms: Variational Quantum Algorithms

9. Quantum Approximate Optimization Algorithm 

(QAOA)

31

QAOA (Quantum Approximate Optimization Algorithm) is a quantum-classical 

hybrid algorithm used to find good approximate solutions for combinatorial 

problems. While it shares similarities with VQE, the quantum circuits used are 

different. Here, you will learn how QAOA is executed, with an example using the 

Max-Cut problem.

© 2024 International Business Machines Corporation



Quantum Approximate Optimization Algorithm (QAOA)

• Focus on finding a good approximation solution to combinatorial problems (page 10 [1])
• Approximation algorithm to max-cut of 3-regular graph (0.6924, with p=1)

• C.f., SDP-based 0.87856-approximation algorithm [2]

• Ansatz (parameter 𝑝 ≥ 1; n qubits)

• 𝜓𝑝 𝛾, 𝛽 = 𝑒−𝑖𝛽𝑝𝐵𝑒−𝑖𝛾𝑝𝐻 …𝑒−𝑖𝛽1𝐵𝑒−𝑖𝛾1𝐻 + ⊗𝑛

• H: Hamiltonian, 𝐵 = ∑𝑖=1
𝑛𝑋𝑖 : Mixer

• 𝛾 = 𝛾1, … , 𝛾𝑝 , 𝛽 = 𝛽1, … , 𝛽𝑝 : parameters

• (Can be seen as discretization (Trotter decomposition) of quantum adiabatic algorithm)

• Expectation value and minimization
• 𝐹𝑝 𝛾, 𝛽 = 𝜓𝑝ۦ 𝛾, 𝛽 |𝐻 𝜓𝑝 𝛾, 𝛽

• 𝛾∗, 𝛽∗ = argmin𝛾,𝛽𝐹𝑝(𝛾, 𝛽) gives an approximate ground state 𝜓𝑝 𝛾
∗, 𝛽∗

• Apply the same optimizers as VQE does

• If p is large, 𝐹𝑝 will be better, but it will be harder to optimize due to more parameters. It will be 

harder to execute the corresponding circuits with higher p

• References
• [1] Farhi et al. 2014. “A Quantum Approximate Optimization Algorithm,” arxiv:1411.4028.

• [2] Goemans and Williamson. 1995. “Improved Approximation Algorithms for Maximum Cut and Satisfiability Problems Using 
Semidefinite Programming.” JACM 42 (6): 1115–45.
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https://docs.quantum.ibm.com/api/qiskit/circuit_library

• Ansatz (parameter 𝑝 ≥ 1; n qubits)

• 𝜓𝑝 𝛾, 𝛽 = 𝑒−𝑖𝛽𝑝𝐵𝑒−𝑖𝛾𝑝𝐻 …𝑒−𝑖𝛽1𝐵𝑒−𝑖𝛾1𝐻 + ⊗𝑛

• H: Hamiltonian, 𝐵 = ∑𝑖=1
𝑛𝑋𝑖 : Mixer

• Matrix exponential
• 𝑒𝐴+𝐵 = 𝑒𝐴𝑒𝐵 if matrices A and B commute, i.e., 𝐴𝐵 = 𝐵𝐴

• (Otherwise, Trotter decomposition is often used)

• 𝐻 = ∑𝑤𝑖𝑃𝑖: 𝑃𝑖 , 𝑃𝑗 commute because they are tensor products of Pauli Z and I

• 𝐵 = ∑𝑖=1
𝑛𝑋𝑖: 𝑋𝑖 , 𝑋𝑗 commute because they are tensor products of Pauli X and I

• 𝑒−𝑖
𝑤

2
𝑍𝑗 → RZ gate

• 𝑒−𝑖
𝑤

2
𝑍𝑗𝑍𝑘 → RZZ gate

• 𝑒−𝑖
𝑤

2
𝑋𝑗 → RX gate

• Reference
• Qiskit API reference: https://docs.quantum.ibm.com/api/qiskit/circuit_library

Quantum Circuits of QAOA
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H⊗𝑛 𝑒−𝑖𝛾1𝐻 𝑒−𝑖𝛽1𝐵 𝑒−𝑖𝛾𝑝𝐻 𝑒−𝑖𝛽𝑝𝐵

Layer 1         ⋯ Layer p

z
⋯0 ⊗𝑛
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Example: Maxcut

• Hamiltonian

• QAOA ansatz
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1

2

3

4

5

𝐻 =
1

2
𝑍1𝑍2 + 𝑍1𝑍3 + 𝑍2𝑍3 + 𝑍2𝑍4 + 𝑍3𝑍5 + 𝑍4𝑍5 − 3𝐼⊗5

Minimum eigenvalue = -5

H⊗𝑛 𝑒−𝑖𝛾1𝐻 𝑒−𝑖𝛽1𝐵 𝑒−𝑖𝛾𝑝𝐻 𝑒−𝑖𝛽𝑝𝐵

Layer 1         ⋯ Layer p

z
⋯0 ⊗𝑛



Qiskit Patterns

Step 2

Optimize problem for 

quantum execution.

Step 3

Execute using Qiskit 

Runtime Primitives.

Step 4

Post-process, return result 

in classical format.

The anatomy of a quantum algorithm

Step 1

Map classical inputs to a 

quantum problem

IBM Quantum / © 2024 IBM Corporation
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PassManager([UnitarySynthesis(),

BasisTranslator(),

EnlargeWithAncilla(),

AISwap(),

Collect1qRuns(),

Optimize1qGates(),

Collect2qBlocks(),

ConsolidateBlocks()])

circuit(𝜃
⃗

)

000101..., 
110110...

bit-strings

Sampler

circuit(𝜃
⃗

) +

observable 𝑂
̂ expectation 

value

Estimator ⟨𝑂ۦ



The University of Tokyo
Special Lectures in Information Science Ⅱ
Introduction to Near-Term Quantum Computing

Lesson 6. Quantum Algorithms: Variational Quantum Algorithms

10. Hands-on Part 1: Compute the minimum 

eigenvalue with VQE

36

In this hands-on session, you will try the exercise to compute the minimum 

eigenvalue of a simple Hamiltonian Pauli Z matrix.
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Hands-on: Quantum Optimization with Qiskit Patterns

• Find the minimum eigenvalue of a simple 

Hamiltonian with VQE
• Learn how VQE works

• Solve Maxcut problem with QAOA
• Learn how Qiskit patterns work for an optimization 

application

• Prerequisites
• Download the notebook

• Setup an environment following the instruction in the 

notebook

• You need to install qiskit-optimization
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The University of Tokyo
Special Lectures in Information Science Ⅱ
Introduction to Near-Term Quantum Computing

Lesson 6. Quantum Algorithms: Variational Quantum Algorithms

11. Hands-on Part 2: Quantum Optimization 

with Qiskit Patterns 

38

To perform quantum approximate optimization using Qiskit, four steps are required. 

Here, you will follow these steps sequentially and solve the Max-Cut problem.

This part also includes the summary of this lecture and resources

© 2024 International Business Machines Corporation



Resources

• IBM Quantum Learning
• Quantum approximate optimization algorithm

• https://learning.quantum.ibm.com/tutorial/quantum-
approximate-optimization-algorithm

• Variational Algorithms
• https://learning.quantum.ibm.com/course/variational-

algorithm-design/variational-algorithms
• Variational quantum eigensolver

• https://learning.quantum.ibm.com/tutorial/variational-
quantum-eigensolver

• Qiskit Optimization
• Documentation

• https://qiskit-community.github.io/qiskit-optimization/#
• Tutorials

• https://qiskit-community.github.io/qiskit-
optimization/tutorials/index.html

• GitHub
• https://github.com/qiskit-community/qiskit-optimization

• Best practices
• https://github.com/qiskit-community/qopt-best-practices
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Summary

• Due to noise of the current quantum computers, it’s hard to run deep quantum 

circuits

• Hybrid quantum-classical appraoch is useful to deal with the noise
• Converts original problems into Hamiltonians

• Finds the minimum eigenvalue and eigenvector of the Hamiltonian

• Introduced the overview of optimization and how to convert optimization problems 

into Hamiltonians
• Quadratic program → QUBO → Hamiltonian

• Introduced how VQE computes the minimum eigenvalue
• QAOA for optimization problems
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