The University of Tokyo i
Special Lectures in Information Science I 9 4 AP §
Introduction to Near-Term Quantum Computing

THE LIMvERSITY OF TOEYO

Lesson 11. Quantum Noise and Quantum Error Mitigation

1. What is quantum noise/error

During the computation on a real quantum computer, we encounter noises. Classity

the various types of noise source present in quantum computers and learn about
Incoherent error and coherent error.
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Course Schedule 2024 (subject to change)

Date Lecture Title Lecturer Date Lecture Title Lecturer
4/5 Invitation to the Utility era Tamiya 6/7 Classical simulation (Clifford circuit, tensor Yoshiaki
Onodera network) Kawase
4/19 Quantum Gates, Circuits, and Kifumi Numata 6/14 | Quantum Hardware Masao
Measurements Tokunari
A4/26 LOCC (Quantum Kifumi Numata/ | 6/21 | Quantum circuit optimization (transpilation) Toshinari
teleportation/superdense Atsushi Matsuo [toko
coding/Remote CNOT)
5/10 Quantum Algorithms: Grover’s Atsushi Matsuo 6/28 | Quantum noise and quantum error mitigation Toshinari
algorithm [toko
5/15 Quantum Algorithms: Phase Kento Ueda 7/5 Utility Scale Experiment 1 Tamiya
(Wed) | estimation Onodera
5/24 Quantum Algorithms: Takashi 7/12 | Utility Scale Experiment II Yukio
Variational Quantum Algorithms Imamichi Kawashima
(VOA)
5/30 Quantum simulation (Ising model, Yukio 7/19 | Utility Scale Experiment I1I Kifumi
(Thu) Heisenberg, XY model), Time Kawashima Numata

evolution (Suzuki Trotter, QDrift)




What you learn today

 Talk 1 (Basic, 35min)
« What is quantum noise/error
* Error suppression and mitigation techniques
« TREX (Twirled Readout Error eXtinction)
« ZNE (Zero Noise Extrapolation)
« PEA (Probabilistic Error Amplification)
<Break>
« Hands-on (20 min)
 Talk 2 (Advanced, 30min)
* Formalism of quantum errors
« Standard error channels, e.g. Pauli error channel
 Quantum channel
« PTM (Pauli Transfer Matrix) representation



Fight noise after avoiding it as possible

* Noises everywhere:
LY
« Initialization
« Gates (even inidling time) Xl \ \
« Measurements , 0 1
C

« Noises cause (computational) errors

* Errors prevent the realization of useful quantum computers

Quantum circuit optimization (last week) =» Reduce noise

Error mitigation (today) = Fight noise



Approaches against qguantum noise

We focus on how noise affects computation (errors)

Noise sources: Classification of errors Affected operations:
(CS view)
Pulse distortion Coherent error
. Gates
Material defects :
Il Noise Incoherent error
Heating INn quantum
computahon « SPAM error Resets & measurements
Cosmic ray (SPAM: State Preparation And Measurement)
. Sampling error
etc. (innumerable) pting Measurements
Physics approach: Computer science (CS) approach: Today
« Mechanism noise is produced « Effects of noises in computation

* How to protect from the noise « How to minimize the effect of noises (errors)



Coherent error (Unitary error)

[Sources] * Miscalibration (e.g. pulse amplitudes, qubit frequency)
* Unwanted interaction between qubits

[Characters] < Unitary evolution, No change in purity (pure state > pure state)

[Measures] e« (Better calibration), Error mitigation/suppression

Ex) Miscalibration of X gate Purity: tr(p?)
Miscalibration % <tr(p?) <1
Rx (T[) > Rx (T[ + 8) y Copnwalee;ely pure

Miscalibration may cause over/under rotation errors



Incoherent error

Sources] ¢ Entanglement (coupling) with environment (system is open)

Characters] <« Non-unitary, Loss of purity (pure state > mixed state)

‘Measures] <« Error mitigation

@' se) :
System - ! | S\
(Qubits) | (,05) ] g P : \
, ® (Unitary evolution) /‘ Y%
Environment | QD e ) —_— —_ \ / /

Quantum interaction
as a whole P's =tre(|@ se @ se|)

Partial trace over e (discard environment e, leave system s)
(https://en.wikipedia.org/wiki/Partial_trace)



https://en.wikipedia.org/wiki/Partial_trace

Extreme example: Subsystem ot the Bell state

The Bell state is a pure state, but the reduced density operator of
the first qubit is a mixed state (the completely mixed state)

Stronger entanglement (with env.) 2 More error (on the system)

Bell state
/ 1
% Se>=\/_§(|00>+ 111)) z
oy 10y =¥ = tgoor+Iyap ==+ 1
Completely mixed state |
Environment |O> P y N -4 )
(Qubit) ) L\

T

Quantum interaction
as a whole

p,s — tre(l(p’se>(§0lse D

Partial trace over e (discard environment e, leave system s)

9
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2. SPAM error and Sampling error

SPAM error is state preparation error and measurement error. Sampling error (shot
error) comes from the nature of physics. And, from the graph of circuit depth and

observable Z measurement results, you will learn what effect different types of
noise have.

10
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Measurement or Readout error (SPAM €rror) (seam: state preparation And Measurement

Characters]

[Measures]

Sources] ¢ Mis-discrimination (in qubit state readout)

« Classical errors (bit-flip errors)

» (Better calibration), Error mitigation

Ex) IO plot for qubit state readout

O_

* Prepare |0)

e Prepare [1) -2 Q5T

Two types of readout errors

— P(0]1): Prepare|1), Measure |0)

-4 2 )
10) |1)
Discrimination

P(1]0): Prepare |0), Measure |1)

11



Iﬂltlallzathﬂ Or Reset error (EAM error) (SPAM: State Preparation And Measurement)

[Sources] ¢ Imperfect reset (of previously measured state)

[Measures] <« Long shot intervals

Shots: Run a circuit multiple times to sample results (bits)

Shot 1 Shot 2 Shot 3

|O) X (A |O) X (A |O) — X (A
Reset Reset
(Initialize to |0))




Sampling error (Shot error)

|Sources] ¢ Core nature of quantum physics

[Measures] <« Increase the number of shots

Measure a qubit & Observe a bit 0 or 1, following Distribution of mean of Bernoulli random variables (p=0.5)

Bernoulli distribution 1000 4 B 400 shots
{ 0 with probability p — ﬂﬂ ::21;
1 with probability 1 —p 20

p depends on amplitude of |0) of the state 20007

1500

Measure multiple times to know p

- Obtain sample mean of Bernoulli random variables p 10007

500 1

More shots =» Less variance (more precise p)

0400 0425 0450 0475 0500 0525 0550 0575 0600

13



Quiz: What errors look like

Run the following 101 circuits

0) (A

0) X (A

0) — X X (A

0) —— X X X (A
[ ]100

|0) X (A
Sl

400 shots for each circuit

Plot(Z) = {(¢|Z|p) = P(0) — P(1)

Ideally, observe 1 and -1 alternatively

Ideal simulation

1.00 +

0.75 1

0.50

0.25

0.00

Measured <7=>

—0.25 ~

—0.50 ~

—0.75 1

—1.00 ~

T T T T T T
0 20 40 60 80 100
Circuit depth

14



Quiz: What errors look like

Measured <Z=>

Running on noisy quantum computer, we observe

(| #§e2d, No start from 1.0, no convergence into 0.0

S

0.00 ~

o254 |
)

9
3. Oscillation
—0.50 - i 2. Non-smoothness$

-0.754 @

—1.00 . T T . |
0 20 40 60 80 100

Circuit depth

Why?

Connect an observation with the error causing it by a line

Observations: Errors:
1. Shrink/bias (d=0/) Coherent

2. Non-smoothness

3. Oscillation

4. Decay Sampling

15



Fight gate/measurement errors

0
Circuit de ph

Noise
(errors) l I Our goal

9?9
0.75 - Poo
0.50 Po

>
SR
Mlm‘" ?lele?

L7}
= —0.25

—0.50

—0.75 1 ".N."' Actual.

T T T T T T
] 20 40 60 80 100
Circuit depth

Gate and measurement errors are dominant
in today’s superconducting-qubit computers

Classification of errors Affected operations:
(CS view)
Coherent error
Gates
Incoherent error
SPAM error Resets & measurements
Sampling error Measurements

(SPAM: State Preparation And Measurement)

16
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3. Error suppression and mitigation

Error suppression is a technique aiming to reduce the error itself during the
execution of a circuit. In contrast, error mitigation is a technique aiming to recover
the error-free result using classical post-processing. You will learn an example of
error suppression: Dynamical Decoupling (DD).

17
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What you learn today

 Talk (30min)
« What is quantum noise/error
« Error suppression and mitigation techniques
« TREX (Twirled Readout Error eXtinction)
« ZNE (Zero Noise Extrapolation)
« PEA (Probabilistic Error Amplification)
* Break
« Hands-on (20 min)
* Theory (Hard — 30min)
* Formalism of quantum errors
« Standard error channels, e.g. Pauli error channel
 Quantum channel
« PTM (Pauli Transfer Matrix) representation



Error correction or error mitigation?

How to deal with errors due to noise?

Quantum error correction (QEC) Quantum error mitigation (QEM)

J 7 Data

4 X Z|

7 | «<—Checks

oy pu

Source: Fig. 1 in [1] Source: [2]
Monitor No monitor
Error occurs Error occurs
Error detected Error undetected
Correct in guantum computation Estimate corrected with classical computation
(in real time) (by post processing)

[1] Bravyi, S., Cross, A.W., Gambetta, J.M. et al. High-threshold and low-overhead fault-tolerant quantum memory. Nature 627, 778—-782 (2024).
[2] Minov Z., Probabilistic Error Cancellation with Sparse Pauli-Lindblad Models on Noisy Quantum Processors (https://www.youtube.com/watch?v=0PSBivh2rxQ)



https://www.youtube.com/watch?v=oPSBivh2rxQ

Quantum Error Mitigation and Correction

Classical Quantum error
computer mitigation

Quantum error
correction

Computation cost

We want to get here

Today we are here

Quantum circuit complexity



Error suppression and mitigation techniques

 Different types of
errors need different
suppression and
mitigation
techniques.

 Different types of
techniques can be
combined!

Dynamic Decoupling

N\

/NE (incl. PEA)

« TREX (Twirled Readout Error eXtinction)
« ZNE (Zero Noise Extrapolation)
« PEA (Probabilistic Error Amplification)

IBM Quantum



Error suppression and Error mitigation

Error suppression Error mitigation
Aim to reduce the error itself Aim to recover the error-free result
(in real time) (with post-processing)
« Do something before measurement » Require classical post-processing
* No change in the number of circuits * Require more circuits to run
« Work even for a single shot « Require multiple shots
1" | L™ P "
- z o nil  m 1o @ mmE.m-.@ ,m. || =& i
- =l " |0 CoEBemoBomel| "w L[ Pot
It Ll kil %vhn g

(classical)

—

f\ Error mitigatioNre QPU tim(j\
E EE— D\ ——) |
: 7 > '1 > >

¥

ideal ideal ideal




Error suppression: Dynamical Decoupling (DD)

« Suppress errors in qubit idling time effectively
« Insert gates add up to the identity, e.g. X—X, X—=Y—X-=Y

Qo

U1

a:z

Qs

o 459 918 1377 1836 2295
System cycle time (dt)

In this case, at least coherent Rz errors are cancelled out (assuming no errors on X gates):
R,(0) XR,(20) X R,(0) = R,(0) R,(—20) R,(0) =1 No DD = R,(46) error

23



Error Mitigation

Obtain a more accurate expectation value at the price of larger variance
= Need more sampling (= more time) to keep variance to the same degree

(a) Computing without error mitigation

Classical data processing
0) 7 5
l | Measurement ;c.';
10) A outcome ey Ideal value
N /L =
=9 \ 4
0) N A o
(b) Computing with error mitigation
Random numbers >
Pkq— %1—;8 —__le l:(ilgjlgkla---) E
= <
pro— i HE L e, £ /\
e Measurement A 4
Prat— i3 — o == - Qs outcome u et (1, 1)

Source: Fig. 1in[2]

[1] Endo, S., Benjamin, S. C. &Li, Y. Practical quantum error mitigation for near-future applications. Physical Review X 8, 031027 (2018).
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4. Error mitigation techniques

There are three major error mitigation techniques:

Twirled Readout Error eXtinction (TREX), Zero Noise Extrapolation (ZNE), and
Probabilistic Error Amplification (PEA).

25
© 2024 Intemational Business Machines Corporation



Twirled Readout Error eXtinction (TREX_)
dea: ——H:

|
I
=

~~< -b- = Focus on the computation of the EVs of Pauli observables
composed only of Pauli | and Z for simplicity

Ex) EV of ZZ for |¢) = U|00), i.e. {@|ZZ|p)

Z7Z) = P(00) — P(01) — P(10 P(11
1. Original circuit (with random bit flipping) (22) = P(00) = P(01) — P(10) + P(11)

>> Flip measured bit if X gate is inserted 2 (®|ZZ[P)

=

2. Calibration circuit Randomly insert X gate

|dentity circuit with i
(Identity m

. . —] - -
random bit flipping) ' } Flip measured bit if X gate is inserted > (0|zz|0)
LA

Mltlgated EV - [EV from 1] / [EV from 2] Van Den Berg, E., Miney, Z. K., & Temme, K. (2022)

(P|ZZ| @) <6|ZZ| (~)> Model-free readout-error mitigation for quantum
expectation values. Physical Review A, 105(3), 032620.



Zero Noise Extrapolation (ZNE)

Run multiple circuits with different gate error rates and
extrapolate the expectation value at zero-noise point

Options:

/ - Noise amplifier

/
/

/ - Extrapolator e.g. Linear, Quadratic, Exponential ...

- Noise factors  eg.[1.0,1.2,1.5],[1, 3, 5]...

Expectation value

Unmitigated value

MltlgatEd valueeyl( . ...~~~ Exact value

Noise amplification factor

https://github.com/Qiskit/qiskit-ibm-runtime/blob/stable/0.17/docs/tutorials/Error-Suppression-and-Error-Mitigation.ipynb



https://github.com/Qiskit/qiskit-ibm-runtime/blob/stable/0.17/docs/tutorials/Error-Suppression-and-Error-Mitigation.ipynb

/NE: Noise Ampliti

« Pulse stretching assumes
gate noise is proportional to
duration, which is typically
not true. Calibration is also
costly.

« Gate folding requires large
stretch factors that greatly
limit the depth of circuits
that can be run.

« PEA can be applied to any
circuit that can be run with
native noise factor (A=1A=1)
but requires learning the
noise model.

* You can write your own
amplification!

IBM Quantum

cation

Pulse Stretching

Scale pulse duration via calibration

Kandala et al. Nature (2019)

Gate Folding

Repeat gates in identity cycles U +»

UU-lu)-1/2

— e

Shultz et al. PRA (2022)

i

Probabilistic Error Amplification

Add noise via sampling Pauli
channels

ror simulation

rol :
— (T“ —_— (T’ —_—
H |
— ﬂh —_ (Tj —_—

< I~ <8
& &
~ ~ <"

<
<=

Li & Benjamin PRX (2017)



Probabilistic Error Amplification (PEA)

Pauli Twirling

Zin
zn }0.994&9.3&5

mry
J v} 0.0040+1.2e4

1) Simplify noise: Gate noise = Pauli channel
<] ) 0.993041.30-4
HH e }0.992841.7e-4
;‘{,‘I'I}u.9911i1.7e-4

b
ZIK'}G.QBSZj:Z.%-4

2) Learn noise (Estimate Pauli channel params)

3) Amplify noise + ZNE

Value

ZIYX

B i
N\ i
it A

N 1] ZIy g 2

LS ~ I an}osesithees 2

¢t ZIXY o
HHHH ‘IZIXY}G'Q 21

o s
0

0 20 40 60 80
Depth (k)

Zero Noise Extrapolation (ZNE)
/

/
S

/ Noise amplified values

1

1

L

1
Expectation value

Unmitigated value

_‘>
_‘>
_‘C
|
N
e
e
N
=
w
-
w
[
w
(]

| | ] | 1 _B Mitigated value

---------------------- Exact value

ZNE

Noise amplification factor

Kim, Y., Eddins, A., Anand, S., Wei, K. X., Van Den Berg, E., Rosenblatt, S., ... & Kandala, A. (2023). Evidence for the utility of quantum computing before fault tolerance. Nature, 618(7965), 500-505.



Pauli Twirling

 Also called randomized
compiling,

« Used to convert arbitrary
noise channels into Pauli
channels.

* Helps when dealing with
coherent noise.

« Helpsin the extrapolation
stage of ZNE by making
noise increase more or less
monotonically.

« Often exclusively used on
two qubit gates.

IBM Quantum

Random Pauli P

Clifford group ) _
C,={VeUy|VP, VI =P,}

Pauli group

Clifford maps a Pauli to another Pauli by conjugation

UPUT =P
Goal: | {PHAHP|—=—Ap| SUP =PU
H{PHUHP = U}=PHU}=—UHP |-
Clifford gate U
Implgme dpHg Hp |- = P AHU P l—-=HApHU
ntation:
Partner Pauli P’
Ex) CNOT gate as U U p

do

a1

I;:

do -

g1 -




The University of Tokyo

E . .7
Special Lectures in Information Science I 9 4 %ﬁ.ﬁnﬁ:
Introduction to Near-Term Quantum Computing

Lesson 11. Quantum Noise and Quantum Error Mitigation

/. Formalism of guantum errors

We can describe the quantum error as a quantum channel which is a linear map of a

guantum state to another quantum state. You will learn the standard quantum error
channels and Pauli channel.

34
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What you learn today

Talk (35min)
« What is quantum noise/error
* Error suppression and mitigation techniques
« TREX (Twirled Readout Error eXtinction)
« ZNE (Zero Noise Extrapolation)
« PEA (Probabilistic Error Amplification)
Break
Hands-on (20 min)
Theory (30min — Hard)
* Formalism of quantum errors
« Standard error channels, e.g. Pauli error channel
 Quantum channel
« PTM (Pauli Transfer Matrix) representation



System-Environment representation of noise

« (Incoherent) error is from entanglement with environment

System
(Qubits) p

Environment |eo)(eo |

— &(p)

« Any quantum error on the system is fully characterized by U

» Include coherent (unitary) error as a special case U = U; ® U,

« Difficult to describe the environment explicitly

« Difficult to know U directly

36



Quantum Channel

A linear map of a quantum state to another quantum state

Quantum Channel

p— [ — P =E(p)

Another mixed state

A mixed state

1-qubit case: Recall we use density matrix to represent a mixed state

Poo P
- [p:g p(l)ﬂ = Pool0){0| + po1| 01+ p1ol1)0] + py4 1)1

1
= 5(1 + 1 X +1,Y +1,2)

N-qubit density matrix is 2V by 2V
37



Noisy gate is a quantum channel

Two ways to represent a noisy gate using quantum channel

Noisy gate

p— BRI — P =Eu(p)

Ideal gate

@ p — NI — o

p' =U(p) =UpUt

Ideal gate + Noise

o

38



Common quantum errors

Incoherent errors Coherent errors
Z

Amplitude damping error: //H\\ | Unitary error:
Relaxation error(|1> > [0>) T

Miscalibration
(over-/under-rotation)

p — UpUT
Phase damping error (dephasing):

Loss of phase information

Depolarizing error:

Isotropic loss of purity (A special case of Pauli error)

Pauli error:

Different loss in X/Y/Z direction (see the next page for the details)

Figures cited from Quantum benchmarking - Petar Jurcevic - QCHS 2022 (https://www.youtube.com/watch?v=rM0OIOVKgUFE)



https://www.youtube.com/watch?v=rM0iOVKqUFE

1g-Paulis:

Pauli error (channel) eex=(0 D), v’

1 0
Random application of Pauli gates

1-qubit case: « Apply X with probability p,,
* Apply Y with probability p,,,
* Apply Z with probability p,,
* Apply I with probability 1 - p, - p, - p;

2-qubit case: - Apply XI, XX, XY, XZ with probability py;, Pxx,» Pxy» Pxz —Z —
« Apply YI, YX, YY, YZ with probability py;, pyx, Pyy, Prz
« Apply ZI1, ZX, ZY, ZZ with probability p,;, vzx, Pzy, P2z
« Apply IX, IY, IZ with probability p,x, piv, P12
« Apply IT with the rest probability 1 — p;x — pjy — D1z —

N-qubit case: 4" random Pauli application
(with 4¥ — 1 parameters) (Abbreviation for Pauli XY = X®Y)

All 4N — 1 parameters are the same =» depolarizing error 10
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8. Theory of qguantum channel

Quantum channel is mathematically a CPTP map: CP stands for completely positive,

TP stands for trance preserving. And any quantum channel (CPTP map) has a Kraus
representation.

41
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[Theory] Quantum Channel := CPTP-map

Properties required for a mapping &£ between quantum states:

1. CP (Completely Positive): p=0=£E(p) =0 and o=0= (IxE)(c)=0

2. TP (Trace Preserving): tr(&(p)) = tr(p) =1

3. Convex linear: g(zpmi) =3 pi(p:)

i | [Choi 1975]

€ has a Kraus representation:

E(p) = Z EwpEl  st. Y ElE. =1
ke k

[Choi 1975] M. D. Choi. Completely Positive Linear Maps on Complex Matrices. Linear Algebrra Appl., 10(285), 1975.

42



Kraus (Operator-Sum) representation

Any quantum channel can be represented by

a set of operators (matrices) {E}} s.t. E ELE;,: =1
L.

gXrans(p) =N " EppEl st Y EjEp=1
k k
(Physical interpretation)

cKraus | D > Z EL-FE;!: <“:> Randomlytakle one of k states:
k Pr = EWE}"-. with probability tr( ExpE])
t'r[\E}-pr.l!::}

Ex. 1) Gate / Unitary evolution (special case: |k|=1)

pUpUT Utu =1

43



Examples: Kraus (Operator-Sum) representation
EXmus(p) =N " EppE] st. Y E|Ep=1
k k

Ex. 2) Positive operator-valued measurement (POVM)

Projection onto computational basis (0 or 1) —ﬂ—

1 0 0 0
] — IIIl — ll A i ||Il A
Ey = 10)(0 [ 0 0 ] E; =11 [ 0 1 ]

Ex. 3) (Probabilistic) Mixture of unitaries O <_-_

50% PauliI-50% Pauli Z

1 1 [
El——f——ll {.}] E; =

| 1 0
/2 2l 0 1 Z=— 1]

1 1
7l

44



Exercise: Kraus representation of 1q Pauli error’?

Pauli error = Random application of Pauli gates

Ex) 1-qubitcase  * Apply X with probability p,, I
« Apply Y with probability Dy |
» Apply Z with probability p,,
* Apply | with probability 1 — p, — p, — p,

Pz = .
EHI'HLJHI;F'}:} — Z E;J}El S.T. Z EJ.I:E-EC = [
k k

Describe Kraus operators representing 1q Pauli error above.

Answer: /D, X, /pyY,\/p_ZZ,\/l—px—py—pZI

45



Physical interpretation of Kraus operators

Depends on E, and p!!
With probability tr(EpE])

— T, l'.ll .
“lp) = Z;‘;: ErpLy Ey.pE|

te(ExpEy)

transferred into one of k states: g1 =

How to process Kraus instructions on state-vector simulator:

Assume p = |i0) (1|
With probability tr(Eg|v) (¢|E]) = ||Ec|v)|

Ly |)
1 Ex [}

(draw a random number and compute one of those states)

46



Examples: Kraus (Operator-Sum) representation

Ex. 2) Projection onto computational basis (0 or 1)

10 | 0 0
El=£1}{n=[“ “] Eg_lm_[“ 1]

Ex. 3) Mixture of 50% Pauli I and 50% Pauli Z

1 1 I 0 1 1 1 0
. \/ﬁf V2 [ 0 1 ] ’ : [ 1 ]

Those are the same channel! E\pE! + E;pEl = FipF] + FypF)

- Kraus is not a unique representation!
Unique representation? =» Superoperator

Projection to Z-axis

47



Various representation of Quantum Channel

Choi-Matrix Spectral Decomposition

W-Matrix) e

Kraus /
Operator-Sum

Jamiotkowski Isomorphism

T 0
y: w
e,?% | g
% I 3
& O, I 5
€ Vectorization 4 I 5
= : 0, | 09
o of state o y | O
o ) —
() | &
4 2 16
=
. |
b b4
Liouville Vectorization System-Environment
Superoperator (Stinespring)
PTM) https://arxiv.org/abs/1111.6950 (Fig. 1)
See "Exploring Quantum Channels, Understanding Quantum Information & Computation: Lesson 10 by John Watrous 48

https://www.youtube.com/watch?v=cMI-xIDSmXI” for the equivalence of Choi, Kraus and Stinespring representations)



https://arxiv.org/abs/1111.6950
https://www.youtube.com/watch?v=cMl-xIDSmXI

Kraus to Superoperator transformation

Kraus (2" x 2¥ matrices) Liouville Superoperator (4" x 4V matrix)

k

gKraus (ﬂ} _ Z EHJEI;E ot Z EI,E.E: —J Eﬁulmr{][} _ Z E_,EL'X E;, = Z I[EFll]IT ® By
k k il> k

EI{I'H.HH L Z EA-IJ'E;!: VeCtorize stateESulmrt_’Jp : %’Eﬂ(p} — {Z E R EL} x.rnﬂ{m
k

Matrix * (vec trick) Vector
Vec trick:
1Crl = | A ||X¢|| B
C = AXB & vec(C) = (BT ® A) vee(X) // : \\T -
o' = Bip Bl & vec(p) = (E])" ® By) vec(p) / Ty
kP Ly k k j _ BT & A l
vec(A) is also written as |A)) in some literature

49



Equivalence check of two guantum channels

Ex. 2) Projection onto computational basis (0 or 1)

[ 1

E, = |0)(0] = 0
| [ ()
Ey = |1)(1] = K

0
0

0
1

Kraus

[ > SuperOp

1

0
0

0

Ex. 3) Mixture of 50% Pauli I and 50% Pauli Z

1 1
E, = [ = —
V2 Ve

1 1
Er: Z:
VT V2

[ 1
0

1 0
0 1
0

|

1

Kraus

0
()
()
()

::: 1
| SuperOp 3

0
0
0
0

1
0
0

0

0

0
0

0 |

0
1
0
0

()
()

| 0

p—

[a—
|

e
]

()

()
()

0

EHupurﬂp _ Z E_.l: ® EF.'
k

0 0 0]
0 0 0
0 0 0
0 0 1|
i
0 0
0 0
0 0
0 1
[
1 0 0 0]
Lf0o =1 0 0
210 0 1 0
0 0 0 1

Superoperator is a unique representatjon!
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9. Paull Transter Matrix

PTM (Pauli Transfer Matrix) is another unique representation of a quantum channel.

Using PTM, you can understand that Pauli-twirling efficiently removes the off-
diagonal elements.
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PTM: Pauli Transfer Matrix

PTM is a superoperator with different basis

gSuperOp . EPTM

Change of basis (c 2 o)

c: Computational basis o: Pauli basis

10)0], [0){1], [1)€O], [1)(1] I XY Z
1
p = [p)(l)z 2(1)1] = PoolOXO[ + poq O] - p = E(I + X +nY+ TZZ)
Ex) 1-qubit Pauli channel PTM
SuperOp I
—ps —py+1 0 0 Pz +py I[1
0 Pz —Py—2p.+1 Do — Py 0 }» X |0
0 Dz — Dy —Pz—py—2pz+1 0
pm+py 0 0 _pm_py+1 Y O
Z10

Ex) 1-qubit basis change unitary

00 01 10 11
If[1 0 0 1
T 1xo0o 1 1 0
ce A 0 —ii 0
Zl1 0 0 -1

unique channel representation

4N by 4N matrix

X Y
0 0
= 2(py + p2) 0
0 I =2(px + p2)
0 0




PTM of Pauli channel

PTM of Pauli channel is a diagonal 4" by 4 matrix

Ex) PTM of 1-qubit Pauli error

N < X =

X
0

0
0

I
1
0 1—2(py+p%)z
0
0

Where the origin shift
(No shift in Pauli channel)

Z
Y v
0 0 y
0 0
1'=2(p, + p,) 0
0 7 1-20p, +pM

How much info on Z-axis will be kept
(1: Keep €->0: Lost)

Ref: PTM of Phase-amplitude damping (PAD) error z

1

0

0
0
a(l —2p,)

V1-a-b
0
0

0
0

V1—a-=b

0

0

l—a]

a: amplitude damping parameter,
b: phase damping parameter,
p, . excited state population (ratio)
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Paull

10 4

12 A

14

16

twirling

0 2 4 6 8 10 12 14

Original gate error channel

_Pl_____ Pri_

P, | —{P
A

_PS_"" Pf3_

_P4_____ Fd i) Pf4

P U P

1

Source: Fig 1c in [1]

Used in the first step of PEA

Pauli Twirling
1) Simplify noise: Gate noise - Pauli channel

2) Learn noise

3) Amplify noise + ZNE

[1] Van Den Berg, E., Minev, Z. K., Kandala, A., & Temme, K. (2023). Probabilistic error cancellation
with sparse Pauli-Lindblad models on noisy quantum processors. Nature physics, 19(8), 1116-1121.

« Convert arbitrary error channels into Pauli channels
« PTM with off-diagonal elements - Diagonal PTM

16

"W

Pauli twirling

B_
10~
12 1

141

16

0 2 4 6 8 10 12 14 16
1 1 1 1 1 1

.

Pauli channel ”



Why Pauli twirling diagonalizes PTM? (1)

Zlatko Minov, A tutorial on tailoring quantum noise - Twirling 101 (https://www.zlatko-minev.com/blog/twirling)

Preparation: PTM of each Pauli gate

I X Y 7
: /I /i q q
o B |« B ¢ B |x
85 7 B - z Z] |
I XY Z I X Y Z I X Y Z I X Y Z
Density matr
component comingi
Px = Py=Pz=0 px = 1L, py=p,=0
I X Y VA
Il 0 0 0
1qg Pauli channel : 10 1-2(py+p.) 0 0
Y 0 0 1_2(.px+pz) 0
Z10 0 0 1-2(px +p,)
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: DL PTM of each Pauli gate
Why Pauli twirling

diagonalizes PTM? (2) Pl | :
28 X X X X
Zlatko Minov, A tutorial on tailoring quantum noise - Twirling 101 Eg ) 4 ¥ Y j
(https://www.zlatko-minev.com/blog/twirling) 2 7 z 7 7
X Y Z I X Y Z XY 7 XY Z
Density matrix
component coming in
P, A PI — P.AP]
Super super operators
— I A I— X A X Y A Y Z A Z
r % % , Effective mask of A

D

I X Y Fis I X Y Z I X Y & I X Y Fd

Each Pauli pair works as a “mask” of error channel A (in terms of PTM)
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References (Further reading)

Introduction to Quantum Noise - Part 1 & 2 | Qiskit Global Summer School 2023
/Zlatko Minov

« https://www.youtube.com/watch?v=3KallboCm1lM

« https://www.youtube.com/watch?v=gsKOx40gCUU

Tensor networks and graphical calculus for open quantum systems
Christopher J. Wood, Jacob D. Biamonte, David G. Cory

« https://arxiv.org/abs/1111.6950

A tutorial on tailoring quantum noise - Twirling 101
Zlatko Minov

o https://www.zlatko-minev.com/blog/twirling

Exploring Quantum Channels | Understanding Quantum Information & Computation: Lesson 10
John Watrous

o https://www.voutube.com/watch?v=cMI-xIDSmX] New (Posted on June 6)



https://www.youtube.com/watch?v=3Ka11boCm1M
https://www.youtube.com/watch?v=gsKOx40gCUU&t=3240s
https://arxiv.org/abs/1111.6950
https://www.zlatko-minev.com/blog/twirling
https://www.youtube.com/watch?v=cMl-xIDSmXI

What you have learnt today

 What is quantum noise/error

« Error mitigation techniques
« TREX (Twirled Readout Error eXtinction)
« ZNE (Zero Noise Extrapolation)
« PEA (Probabilistic Error Amplification)

* Formalism of quantum errors
 Quantum channel
« Standard error channels, e.g. Pauli error channel
 PTM (Pauli Transfer Matrix) representation



Thank you

© 2024 International Business Machines
Corporation
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