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1. Review of GHZ state
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Greenberger–Horne–Zeilinger (GHZ) state is an entangled quantum state that 

involves at least three subsystems. We review what we have learned about GHZ 

state in this lecture course.
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Course Schedule 2024 (subject to change)

Date Lecture Title Lecturer Date Lecture Title Lecturer

4/5 Invitation to the Utility era Tamiya 
Onodera

6/7 Classical simulation (Clifford circuit, 
tensor network)

Yoshiaki Kawase

4/19 Quantum Gates, Circuits, and 
Measurements

Kifumi Numata 6/14 Quantum Hardware Masao Tokunari / 
Tamiya Onodera

4/26 LOCC (Quantum 
teleportation/superdense 
coding/Remote CNOT)

Kifumi Numata 6/21 Quantum circuit optimization 
(transpilation)

Toshinari Itoko

5/10 Quantum Algorithms: Grover’s 
algorithm

Atsushi Matsuo 6/28 Quantum noise and quantum error 
mitigation

Toshinari Itoko

5/15
(Wed)

Quantum Algorithms: Phase 
estimation

Kento Ueda 7/5 Utility Scale Experiment I Tamiya Onodera

5/24 Quantum Algorithms:
Variational Quantum Algorithms 
(VQA)

Takashi 
Imamichi

7/12 Utility Scale Experiment II Yukio Kawashima

5/30
(Thu)

Quantum simulation (Ising model, 
Heisenberg, XY model), Time 
evolution (Suzuki Trotter, QDrift)

Yukio 
Kawashima

7/19 Utility Scale Experiment III Kifumi Numata /
Tamiya Onodera/

Toshinari Itoko



Outline

• A brief lecture on GHZ states  [by Tamiya]

• preparing them on real devices

<Break>

• A jupyter notebook session  [by Kifumi]

• simpler examples

• your assignment



https://en.wikipedia.org/wiki/Greenberger%E2%80%93Horne%E2%80%93Zeilinger_state





You learnt it on Lecture 2! (Quantum Bits, Gates, and Circuits)





You learnt it on Lecture 2! (Quantum Bits, Gates, and Circuits)





You learnt more on Lecture 10! (Quantum Circuit Optimization)





You learnt more on Lecture 10! (Quantum Circuit Optimization)



N = 5
FakeKawasaki
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2. Why a large GHZ state

15

How large a GHZ state can be created is a benchmark for a near-term quantum 

computer. The key points are qubit mapping/routing, circuit depth, and error 

mitigation/suppression.
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Let us prepare a large GHZ sate on a real 
device!
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Why a large GHZ state?

© IBM Corp. 2024

• Many think it serves as a benchmark of a near-term quantum computer.

• Some use it as a benchmark of an algorithm / methodology.

• e.g., error mitigation



This is an active area of research.

© IBM Corp. 2024
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The readout error on near-term quantum devices is one of the dominant noise factors, which can be mitigated

by classical postprocessing called quantum readout error mitigation (QREM). The standard QREM applies the

inverse of noise calibration matrix to the outcome probability distribution using exponential computational

resources to the number of measured qubits. This becomes infeasible for the current quantum devices with

tens of qubits or more. Here we propose two efficient QREM methods finishing in O(ns2) time for probability

distributions of n qubits and s shots, which mainly aim at mitigating sparse probability distributions such that

only a few states are dominant. We compare the proposed methods with several recent QREM methods in the

following three cases: expectation values of the GHZ state, its fidelities, and the estimation error of maximum

likelihood amplitude estimation (MLAE) algorithm with a modified Grover iterator. The two cases of the GHZ

state are on real IBM quantum devices, while the third is with numerical simulation. Using the proposed method,

the mitigation of the 65-qubit GHZ state takes only a few seconds, and we witness the fidelity of the 29-qubit

GHZ state exceeding 0.5. The proposed methods also succeed in reducing the estimation error in the MLAE

algorithm, outperforming the results by other QREM methods in general.

DOI: 10.1103/PhysRevA.106.012423

I. INTRODUCTION

The quantum information on quantum devices is vul-

nerable to various noises due to the incompleteness of the

quantum state or unwanted interactions with outside world.

Since the significance of quantum computing has been recog-

nized, many quantum error correction methods were proposed

for the protection of quantum information [1–4]. However,

the current and near-term quantum devices are so small and

noisy that those prominent methods are not yet applicable.

Nevertheless, one can mitigate the errors occurring in the

quantum process to obtain meaningful results on the current

and near-future quantum devices. Error mitigation aims to

directly retrieve noiseless results by adding mitigation gates to

quantum circuits or performing classical postprocessing after

measurements, such as zero-noise extrapolation [5–7], prob-

abilistic error cancellation [5,8], dynamic decoupling [9,10],

readout error mitigation for expectation value [11–14], and

many new methods for various noise models [15–22]. These

error mitigation techniques are often combined with near-term

quantum algorithms [23,24].

Here we focus on the mitigation of quantum readout er-

ror, one of the significant noise factors on current near-term

devices. When the state preparation noise is minimal, the

readout error can be characterized by a stochastic matrix

called the calibration matrix, whose elements represent the

transition probability from the expected measured states to

the actual measurement outputs [25,26]. The quantum readout

error mitigation (QREM) performs classical postprocessing

by applying the inverse of the calibration matrix to the mea-

sured probability distribution (i.e., the frequency distribution

of measured bitstrings). Since the number of possible quan-

tum states is 2n for measurement of n-qubit system, rigorous

inversion of this calibration matrix requires exponential time

and memory on classical computers, which is infeasible for

the measurement results from the current and near-future

quantum devices with tens and hundreds of qubits.

Towards this issue, several scalable approaches have been

already proposed [27,28]. These methods assume the read-

out noises follow the tensor product noise model, where the

readout noise on each qubit or qubit block is considered local.

Under this assumption, Mooney et al. [27] sequentially apply

the inverse of each small calibration matrix and cut off the

vector elements smaller than the arbitrary threshold t . While

their method is practically very fast, a particular gap from

the exact inversion result would be involved. Also, its time

complexity and the space complexity are not theoretically

bounded. Using this method, they witnessed the genuine mul-

tipartite entanglement (GME) of large GHZ states on the IBM

Quantum device up to size 27 [27].

The other efficient approach by Nation et al. [28] restricts

the size of the calibration matrix to the subspace of mea-

sured probability distribution and applies the inverse of the

reduced calibration matrix by matrix-free iterative methods.

This assumption is justified when the measured probabil-

ity distribution contains a few principal bitstrings with high

2469-9926/2022/106(1)/012423(14) 012423-1 ©2022 American Physical Society

18-qubit GHZ on a superconducting QC (2020)

27-qubit GHZ on a superconducting QC (2021)

29-qubit GHZ on a superconducting QC (2022)

32-qubit GHZ on an ion-trap QC (2023)



What matters

• Qubit mapping and routing

• Circuit depth

• Error mitigation / Error suppression



What matters

• Qubit mapping and routing

• The interaction graph of a circuit should be perfectly embedded into the 

coupling map of a device. 

• Qubits with lower read-out errors and entangling gates with lower errors 

should be picked up. 

• Rely on the transpiler with a “transpiler-friendly” circuit or do it yourself!

• Circuit depth

• A “balanced” tree of entangling gates should be pursued.

• Error mitigation / Error suppression



Depth: 76 (two-qubit depth 16)



Depth: 41 (two-qubit depth 7)



Depth: 26 (two-qubit depth 4)



You learnt this on Lecture 9! (Quantum Hardware)
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3. How we verify GHZ state?

25

We want to quantify the closeness between what we want to prepare and what we 

generated on a real device. How we verify it? 

© 2024 International Business Machines Corporation
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How we verify it?

N = 6, ibm_brisbane
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What matters

• Qubit mapping and routing

• The interaction graph of a circuit should be perfectly embedded into the 

coupling map of a device. 

• Qubits with lower read-out errors and entangling gates with lower errors 

should be picked up. 

• Rely on the transpiler with a “transpiler-friendly” circuit or do it yourself!

• Circuit depth

• A “balanced” tree of entangling gates should be pursued.

• Error mitigation / Error suppression



How we verify it?

• Want to quantify the closeness between what we want to prepare and what 

we generated on a real device.

• Different methods proposed.

• We adopt the one based on fidelity in [1].

© IBM Corp. 2024

[1] Otfried Gühne, Chao-Yang Lu, Wei-Bo Gao, and Jian-Wei Pan, “Toolbox for 
entanglement detection and fidelity estimation”, Phys. Rev. A 76, 030305 (2007)
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4. Fidelity

29

We adopt a method to verify GHZ state based on fidelity. Fidelity quantifies the 

closeness between two quantum states. We learn how to calculate the fidelity using 

density matrices.

© 2024 International Business Machines Corporation



Qiskit © 2023 30



Qiskit © 2023 31



The University of Tokyo
Special Lectures in Information Science Ⅱ
Introduction to Near-Term Quantum Computing

Lesson 14. Utility Scale Experiment III

5. Computing the fidelity in our GHZ experiment

32

Our original question is whether our GHZ state is good or not. So, we compute the 

fidelity between the GHZ state which we want to create and the GHZ state which we 

created on the real device. The measure of 𝑍⨂𝑁and 𝑍⨂𝑁 after applying unitary 

transformations gives us that fidelity.

© 2024 International Business Machines Corporation
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6. Verify the formula of unitary transformations

35

We used unitary transformations to calculate a part of the fidelity.  We will verify the 

formula of that unitary transformations. And then we will go back to what matters to 

create a large GHZ state.
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What matters

• Qubit mapping and routing

• The interaction graph of a circuit should be perfectly embedded into the 

coupling map of a device. 

• Qubits with lower read-out errors and entangling gates with lower errors 

should be picked up. 

• Rely on the transpiler with a “transpiler-friendly” circuit or do it yourself!

• Circuit depth

• A “balanced” tree of entangling gates should be pursued.

• Error mitigation / Error suppression



Break

We then have a Jupyter notebook session. 
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Thank you © 2024 International Business Machines Corporation
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